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Abstract
Weconsiderarisk-aversefirmproducingalimitednumberofgoodswhichcanbedefective. The
firmmustdetermineitslevelofproductionbeforeknowingwhichgoodswillbedefective. Thisisthe
caseforexampleforaproduceroftelecommunicationsatellites. Theproblemunderscrutinycanbe
interpretedasageneralizationfselfprotectionformorethantwostatesofnature. Inourmodel, the
firmdeterminesjointlyitslevelofproductionanditsdemandforinsurance. It isshownthat, under
reasonableassumptions, thetwostrategiesarecomplements.
Resumen
Consideramosunaempresaviersalriesgoqueproduceunnúmerolinitadodebienesquepueden
serdefectuosos. Laempresadebedeterminarsuniveldeproducciónantesdesaberquebienesaldrán
defectuosos. Unejemploeselcasodeunfabricantedesatélitesdetelecomunicaciones. El problema
queesestudiasepuedeinterpretarcomounegeneralizacióndeautoproteccióncuandohaymásdedos
estadosdelanaturaleza. Ennuestromodelo, laempresadeterminasimultáneamentesunivelde
producciónysudemandadeseguro. Sedemuestraque, bajosupuestosrazonables, lasdosesrategias
soncomplementarias.
Introduction
Considerafirmfacingaknowndemandforarandomlydefectiveproductwhomustdecideonthe
quantityofgoodstoproducebeforeknowinghowmanygoodswillbedefective. Thefirmcandecide
toengageinareservegoodstrategytomodifythedistributionofthenumberofnondefective
products. Themorethefirmproduces, thegreateristheprobabilityofgettingagivennumberof
successfulproducts. Thisproblemisstandardintheoperationmanagementliterature: it isthe
single-periodinventoryproblemunderproductionuncertainty.
Weexaminetheinventorychoiceforariskaversefirmsothatwecanstudytheinteractions
betweenaninventorydecisionandaninsurancedecision footnote . Severalstudieshaveexaminedhow
demanduncertaintyaffectsproductionorpricingdecisionsofariskaversefirm footnote . Inallthese
studies, thedecisionvariableforthefirmcannotaffecthedistributionoftherandomvariable. We
consideradifferentproblem: thedecisionvariableforthefirmdirectlyaffectsthedistributionofthe
randomvariable.
Anexcessproductionstrategycanbeinterpretedasageneralizationfselfprotectionformore
thantwostatesofnature. EhrlichandBecker(1972) defineselfprotectionasanactionorexpenditure
thatreducestheprobabilityofaloss. Althoughthisdefinitionhasageneralcharacter, selfprotectionis
usuallystudiedinmodelswithtwostatesofnature. DionneandEeckhoudt(1985) andBryisand
Schlesinger(1991) haveanalysedtheimpactofanincreaseinriskaversionontheoptimallevelofself
protection. BoyerandDionne(1983, 1989) andChangandEhrlich(1985) havestudiedtheinteraction
betweenselfinsuranceandselfprotectionwithandwithoutaninsurancemarket. All thesestudieshave
consideredmodelswithtwostatesofnatureandcannotofferpredictionsaboutheformoftheoptimal
insurancecontractunderselfprotection. Winter(1991) howeverproposestostudyselfprotectioni a
generalmodelinamoralhazardcontext. Hepresentsadifferentgeneralizationftheconcept: self
protectionreferstoanincreaseintheprobabilityofzero-loss, withnochangeintheconditional
distributionoftheloss.
It isshownthatheoptimalinsurancecontractinvolvesatotalinsuranceoflosseswitha
deductible. Theindemnityisindependentofthenumberofreservegoods. Onthecontrary, the
premiumislowerwhenthenumberofreservegoodsishighbecauseproducingmorereservegoods
reducestheexpectedlossinrevenue. Theanalysisoftheinteractionsbetweenthetwostrategiesshow
thathesestrategiesarecomplementsratherthansubstitutes. Undereasonnableassumptions, we
showthathequantityofreservegoodsproducedwillbehigherif thefirmhasinsurance. Similarly, the
amountofinsurancepurchasedwillbehigherif thefirmproducesreservegoods. Finally, anincrease
intheproductioncostsofoneofthetwostrategiescausestheinsurancedemandandthereservegoods
demandtoadjustinthesamedirection.
An interestingapplicationofthismodelisthespaceindustry footnote . Spacefirms, generally
facingcontractsforaserialproductionofsatellites, arecharacterizedbyahighdegreeofvariabilityin
theirrevenue. Thisriskinessarisesfrompossibletechnicalfailureduringthelaunchandtheinorbit
operation. Productiondelaysbeingimportant, i isnecessaryforfirmstodeterminethenumberof
satellitestoproducebeforethelaunchingphaseandtherefore, beforeknowingwhichsatelliteswillbe
defective. Wecanobservethathebehaviorofspaceindustryfirmsfitsthepredictionsofthemodel:
theyjointlyinsuretheriskoffinanciallossontheinsurancemarketandproduceoneorseveralreserve
satellites.
Insection2, weintroducethenotationandthemodelofreservegoodsdemandusedthroughoutthe
analysis. Theoptimalityconditionguaranteeingapositivelevelofreservegoodsisderivedandwe
proposecomparativestaticsresults. Thejointuseofinsuranceandreservegoodsisinvestigatedin
section3. Theoptimalinsurancecontractandtheoptimalchoiceofreservegoodsaredetermined. In
section4, weinvestigatehecomparativestaticspropertiesofthemodel. Section5concludes.
The model
Considerafirmwithinitialwealthwwhoproducesgoodsataunitcostcandresellsthemata
pricep. ThefirmfacesaknowndemandandcannotsellmorethanaquantityD ofgoods. Production
requiresdelays. Wecanconsideraoneperiodgame: thegoodsareproduceduringtheperiodand
soldattheendoftheperiod.
Theproductionprocessmayyielddefectivegoods. Thequalityofagood, i.e. defectiveor
successful, isknownbythefirmattheendoftheperiod. Thefirmmusthereforedetermineitslevelof
productionbeforeknowingwhichgoodswillbedefective. ThefirmwillatleastproduceaquantityD
ofgoodsbutitcanalsoproduceaquantitynofadditionalgoods. Theseadditionalgoodsarecalled
reservegoods.
Thefirmisthenendowedwiththefollowingprofitfunction.
EÝx,nÞ =
E?Ýx,nÞ = w+ px? cÝD + nÞ if x ² D
E+Ýx,nÞ = w+ pD? cÝD + nÞ if x > D
LetdenoteFÝx,nÞ thecumulativedistributionfunctionofxwhentheproductionofthefirmisD + n.
ThefirmobtainsE?Ýx,nÞ withprobabilityFxÝx,nÞ andobtainsthemaximumprofit
E+Ýx,nÞ ¯ EÝD,nÞ withprobability1? FÝD,nÞ.
Byincreasingitslevelofproduction, thefirmmodifiesthedistributionofthenumberofsuccessful
goodsinthesenseofFirst-OrderStochasticDominance footnote (FSD). Theprobabilityofgettinga
givenquantityofsuccessfulgoodsx ishigherwhenthefirmusesthereservegoodstrategy. Thefirm
canthendecidetoproduceanimportantquantityofreservegoodsandincreasetheprobabilitytoget
animportantumberofsuccessfulgoodsorprefernottoengageinacostlyproductionstrategyand
facealessfavorablesuccessfulgoods’ distribution. Typicallythisstrategyisaself-protectionactivity:
byincurringanadditionalexpenditure, thefirmreducestheprobabilityoflossonitspayoffpÝD ? xÞ.
Weassumethathefirmisriskaverse. TheutilityfunctionUÝ.Þ isassumedtobemonotonic
increasing, threetimescontinuouslydifferentiableandconcaveÝU
v
> 0,U
vv ² 0Þ. Theobjectiveofthe
firmisasfollows:
max
n³0
EÝUÝEÝx,nÞÞ = X
0
D
UÝE?Ýx,nÞÞdFÝx,nÞ + Ý1? FÝD,nÞÞUÝEÝD,nÞÞ   #   
whereE denotestheexpectationperator.
Theoptimalityconditionreducesto:
EÝUÞn ¯ ?cEUvÝEÝx,nÞÞ ? pX
0
D
U vÝE?Ýx,nÞÞFnÝx,nÞdx= 0
WhereFnÝ.,.Þ denotethefirstderivativeofthecumulativedistributionfunctionwithrespectton.
NotethatbydefinitionFnÝx,nÞ < 0 - x 5 ß0,Dà.
Thefirsttermisthemarginalcostintermsofutilityofincreasingn. Thesecondtermisthe
marginalbenefitintermsofutilityfromthedecreaseinthelossprobability. Thisequationcharacterizes
theoptimalnumberofreservegoods.
Whenthefirmisriskneutral(U vv = 0), equation( ref: P2 ) yieldsthefollowingcondition
?c? pX
0
D
FnÝx,nÞdx= 0. Themarginalcostofproductinganadditionalgoodmustequalthedecrease
inthelossprobability.
Assumingthataninteriorsolutionexists footnote , westudyhowtheoptimalnumberofreserve
goodsisaffectedbychangesinvariousparameters. Wefindthat, underconstantabsoluteriskaversion
(CARA), anincreaseintheproductioncostinducesthefirmtoreducethedemandforreservegoods:
there xistsashiftbetweentheadditionalproductionandriskshifting. Thedemandforreservegoods
isunchangedwhentheinitialwealthorthelevelofdemandaremodified.
TocompletethecomparativestaticfindingsforthecaseofDARA orIARA, anadditional
assumptionisnecessary. LetGÝx,nÞ denotethecumulativedistributionfunctionoftheprofit
EÝx,nÞ. footnote It isassumedthathere xistst 5 ß0,Dà suchthatGnÝk,nÞ ² 0 -k 5 ß0,tà and
GnÝk,nÞ ³ 0 -k 5 ßt,Dà. Thiscondition, knownastheSingleCrossingCondition(SC1) footnote ,
supposesthatanincreaseinthelevelofproductionmodifiesthedistributionoftheprofitsuchthat
thereisashiftofprobabilitymassfromthehighesttothelowestvaluesofprofit.
Underthisassumption, wefindthat, underDARA, anincreaseintheproductioncostreducesthe
demandforreservegoods: themarginalcostforrisk-shiftingincreaseswithcandawealtheffect
reinforcesthissubstitutioneffect. UnderIARA, thetwoeffectsareoppositeandthefinalresultis
thereforeambigous. If theinitialwealthorthelevelofdemandincrease, theproductionofreserve
goodsincreases(decreases) astheabsoluteriskaversiondecreases(increases). Clearly, thedemand
forreservegoodsisanormalgood(inferiorgood) forDARA (IARA).
The reservegoods strategyand insurance
Weassumenowthatinadditiontotheuseoftheselfprotectionstrategy, thefirmcaninsurethe
risk. Wesupposethatinsurersarerisk-neutral. AgainstapremiumP, themarketoffershiman
indemnitypaymentIÝxÞ contingentontherealizationsofthelossandthenumberofreserve
goods footnote . It isassumedthathecostofprovidingtheinsurancepolicyisproportionaltothe
actuarialvalueofthepolicy, i.e. it involvesafixedpercentageloading. Thepremium ustatleast
covertheexpectedvalueoftheindemnitypayment.
P ³ Ý1+ kÞ X
0
D
IÝxÞdFÝx,nÞ
wherek istheloadingfactor. Insuranceisunfairinthesensethatk > 0. Theinsuranceindustryis
assumedtobeperfectlycompetitivesothat( ref: prime ) holdswithequality.
Theprofitofthefirmisthengivenby
EÝx,nÞ =
E?Ýx,nÞ = w+ px+ IÝxÞ ? P ? cÝD + nÞ if x ² D
E+Ýx,nÞ = w+ pD? P ? cÝD + nÞ if x > D
Theoptimalinsurancecontractandtheoptimalnumberofreservegoodsmustsolve:
max
IÝxÞ,n,P
X
0
D
UÝE?Ýx,nÞÞdFÝx,nÞ + Ý1? FÝD,nÞÞEÝD,nÞ
 mbox IÝxÞ ³ 0
P = Ý1+ kÞ X
0
D
IÝxÞdFÝx,nÞ
  #   
  #   
ThemaximizationproblemspecifiesthatheinsuredwillmaximizetheexpectedutilityEÝUÞ offinal
wealthbychoosinganoptimalindemnityscheduleIÝxÞ, anoptimalpremiumP, theoptimalnumberof
reservegoodsn, subjecttothenonnegativityconstraintonIÝxÞ.
TheLagrangeanforthisproblemcanbewrittenas:
LÝIÝxÞ,n,P,VÞ = X
0
D
UÝE?Ýx,nÞÞdFÝx,nÞ + Ý1? FÝD,nÞÞEÝD,nÞ
+ VßPÝ1+ kÞ?1 ? X
0
D
IÝxÞdFÝx,nÞà
  #   
TheKuhnandTuckerconditionsreduceto:
U
v
ÝE?Ýx,nÞÞ ? V ² 0 - x ² D
< 0 ö IÝxÞ = 0
  #   
VÝ1+ kÞ?1 = EUv
P = Ý1+ kÞ X
0
D
IÝxÞdFÝx,nÞ   #   
X
0
D
UÝE?Ýx,nÞÞÞFxnÝx,nÞdx? FnÝD,nÞUÝEÝD,nÞÞ
? cEUv ? V X
0
D
IÝxÞFxnÝx,nÞdx= 0
  #   
Condition( ref: C1 ) impliesthatheindemnitypaymentinvolvesatotalinsuranceoflosses
below footnote adeductiblex# > 0, i.e. theindemnityfunctioncanbewrittenIÝxÞ = maxá0,pÝx# ? xÞâ.
AsRaviv(1974) hasshownthedeductibleclauseintheinsurancepaymentexistsduetotwosources:
thenonnegativityconstraintonthetransferf omtheinsurertotheinsuredandthevariableinsurance
cost.
Thefirmisthenendowedwiththefollowingprofitfunction.
EÝx,nÞ =
E?Ýx#,nÞ = w+ px# ? P ? cÝD + nÞ if x ² x#
E?Ýx,nÞ = w+ px? P ? cÝD + nÞ if x# < x ² D
E+ÝD,nÞ = w+ pD? P ? cÝD + nÞ if x > D
Assumingthatheloadingcostk iszero, weobtainthathefirmchoosesatotalinsuranceoflosses,
i.ex# = D. Thefirmobtainsthesamefinalwealthinallthestatesofnature, isindifferenttowardrisk
andthereforeinterestedonlyinmaximizinghisexpectedfinalwealth.
It is importanttonotethatheindemnityisindependentofthequantityofreservegoodsproduced
whereasthepremiumisadecreasingfunctionofthereservegoodsquantity. Therandomvariablefor
thefirmisthequantityofnondefectivegoods. Thefirmdoesnotwantoinsureeachgoodproduced
butagivenquantityofgoods. Thepremiumonlyisaffectedbytheexcessproductionsinceitaffects
thesuccessfulgoodsdistribution.
Comparativestaticanalysis
Inallthissectionit isassumedthataninteriorsolutiontotheprogramexists.
Sinceourinterestfocusesontheinteractionbetweenthetwodecisionswefirststudyhowoneofthe
twodecisionvariablesreactstoanexogeneousincreaseoftheotherdecisionvariable.  prop 
Proof: Seeappendix.
Thesefirstresultsofcomparativestaticanalysisindicatethatmarketinsuranceandreservegoodsare
complementsinthesensethatheavailabilityofoneinstrumentcanincreasethedemandforthe
second. Thisimpliesthatheoptimalnumberofreservegoodsisgreaterinthemodelwithinsurance
thaninthemodelwithoutinsurance. A noninsuredfirmismoreinterestedinreducingthemaximal
loss, whichleadstolessselfprotection. Thisalsosuggestshatif theinsurancemarketmakespremium
responsivetothenumberofreservegoodsproduced, itcanexpectanincreaseintheinsurance
demand.
 prop 
Proof: Seeappendix.
UnderCARA, inequilibrium, insuranceandreservegoodsarecomplements. If wereasonably
supposethatanincreaseintheproductioncostreducesthedemandforreservegoods, Proposition2
impliesthatinsurancedemandecreases. It alsoimpliesthatanincreaseintheinsurancecostreduces
boththedemandforinsuranceandthedemandforreservegoods.
Conclusion
Thispaperanalysesaparticularstrategy: thestrategyofproducingoodsinexcessofdemandor
reservegoodstrategy. It wasshownthatheoptimalinsurancecontractinvolvesadeductibleandthe
optimalityconditionforapositivelevelofreservegoodswasgiven. Thecomparativestaticanalysis
indicatesthatunderconstantabsoluteriskaversionandthesingle-crossingconditionreservegoodsand
insurancearecomplement.
Thisanalysisclearlyrationalizesthebehaviourofspaceindustryfirmswhichjointlyinsuretherisk
offinanciallossontheinsurancemarketandproduceoneorseveralreservesatellites. If weconsider
riskneutralfirms, wecanobservethatheincentivetoproducereservegoodstillexistscontrarytothe
incentivetoinsuretheriskasthevariableinsurancecostispositive. Thecomplementarityofthetwo
strategies, aspreviouslynoted, hasanimportantimplicationforallthesefirms. It effectively
encouragesinsurers, whenthenumberofreservegoodsproducedcanbeobservable, tomakethe
premiumresponsivetothesereservegoods.
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Appendix
Proof of Proposition 1
SubstitutingforIÝxÞ = maxá0,pÝx# ? xÞâ in( ref: C1 )-( ref: C4 ), andintegrating( ref: C4 ) byparts
yields:
U
v
ÝE?Ýx#,nÞÞ = Ý1+ kÞßU
v
ÝE?Ýx#,nÞÞFÝx#,nÞ
+ X
x#
D
U
v
ÝE?Ýx,nÞÞdFÝx,nÞ ++Ý1? FÝD,nÞÞU vÝEÝD,nÞÞà
  #   
P = Ý1+ kÞ X
0
x#
Ýpx# ? pxÞdFÝx,nÞ
? cUvÝE?Ýx#,nÞÞFÝx#,nÞ
? cX
x#
D
U
v
ÝE?Ýx,nÞÞdFÝx,nÞ
? cÝ1? FÝD,nÞÞU vÝEÝD,nÞÞ
? pUvÝE?Ýx#,nÞÞ X
0
x#
FnÝx#,nÞdx
? pX
x#
D
U
v
ÝE?Ýx,nÞÞFnÝx,nÞdx= 0
  #   
Differentiatingequation( ref: e5 ) withrespecttonandx#, wherethelatteristreatedasan
exogeneouslydeterminedvariable, gives:
0 = ßpU
vv
ÝE?Ýx#,nÞÞßcFÝx#,nÞ + pX
0
x#
FnÝx,nÞdxà
? pÝ1+ kÞFÝx#,nÞßcEÝU vvÞ + pUvvÝE?Ýx#,nÞÞ X
0
x#
FnÝx#,nÞdx
+ pX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxààdx#
+ ß?c2EÝU vvÞ ? cpUvvÝE?Ýx#,nÞÞ X
0
x#
FnÝx#,nÞdx
? 2cpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdx
+ pX
0
D
U
v
ÝE?Ýx,nÞÞFnnÝx,nÞdx? ßcEÝU
vv
Þ
+ pU
vv
ÝE?Ýx#,nÞÞ X
0
x#
FnÝx#,nÞdx
+ pX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxàÝ1+ kÞpX
0
x#
FnÝx,nÞdxàdn
  #   
ObservethatEÝU
vv
Þ ? Ý1+ kÞ?1U vvÝE?Ýx#,nÞÞ ¯ V
V = X
x#
D
U vÝE?Ýx,nÞÞÝAÝE?Ýx#,nÞÞ ? AÝE?Ýx,nÞÞÞdFÝx,nÞ + Ý1? FÝD,nÞÞÝAÝE?Ýx#,nÞÞ ? AÝEÝD,nÞÞÞU
AÝwÞ beingthemeasureofabsoluteriskaversion, underDARA (IARA) V > Ý<Þ0andV isequalto
zeroif thefirmexhibitsconstantabsoluteriskaversion.
DenoteN ¯ Ý1+ kÞpX
0
x#
FnÝx,nÞdx+ c
N = ?Ý1+ kÞpX
x#
D
U
v
Ýw* ÞFnÝx,nÞdx/U vÝE?Ýx#,nÞÞ > 0.
DenoteZ ¯ cEÝU vvÞ + pUvvÝE?Ýx#,nÞÞ X
0
x#
FnÝx#,nÞdx+ pX
x#
D
U
vv
Ýw* ÞFnÝx,nÞdx
NotethatunderCARA, Zmustbeequaltozerofor( ref: e5 ) toholdwithequality. If thesingle
crossingconditionissatisfied, Z ² Ý³Þ0astheabsoluteriskaversiondecreases(increases).
UsingthefactthatunderCARA V = Z = 0, equation( ref: a6 ) becomes:
ßpU
vv
ÝE?Ýx#,nÞÞßcFÝx#,nÞ + pX
0
x#
FnÝx,nÞdx
+ ß?cpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdx+ pX
0
D
U
v
ÝE?Ýx,nÞÞFnnÝx,nÞdxàdn= 0
?cpX
x#
D
U
vv
Ýw* ÞFnÝx,nÞdx+ pX
0
D
U
v
ÝE?Ýx,nÞÞFnnÝx,nÞdxispositivebytheassumptionthataninterior
solutionexistsandpU
vv
ÝE?Ýx#,nÞÞßcFÝx#,nÞ + pX
0
x#
FnÝx,nÞdxà isnegativeif thesingle-crossing
conditionissatisfied.
Wethereforeobtainthatanexogeneousincreaseofthelevelofthedeductibleincreasestheoptimal
numberofreservegoods,  displaystyle dndx# > 0.
Differentiatingequation( ref: e2 ) withrespecttox# andn, wherethelatteristreatedasan
exogeneouslydeterminedvariable, gives:
0 = ?ßÝ1+ kÞpßU vvÝE?Ýx#,nÞÞK2 + FÝx#,nÞßX
x#
D
U
vv
ÝE?Ýx,nÞÞdFÝx,nÞ
+ Ý1? FÝD,nÞÞU vvÝEÝD,nÞÞàààdx#
+ ßÝÝ1+ kÞ?1U
vv
ÝE?Ýx#,nÞÞ ? EÝU
vv
ÞÞÝÝ1+ kÞpX
0
x#
FnÝx,nÞdx+ cÞ
? pX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxàdn
where
Y ¯ U vvÝE?Ýx#,nÞÞK2 + FÝx#,nÞßX
x#
D
U
vv
ÝE?Ýx,nÞÞdFÝx,nÞ + Ý1? FÝD,nÞÞU vvÝEÝD,nÞÞà < 0
andK ¯ Ý1+ kÞ?1 ? FÝx#,nÞ
K = EÝU
v
Þ/U
v
ÝE?Ýx#,nÞÞ ? FÝx#,nÞ from( ref: e2 )
K = ßX
x#
D
U
v
ÝE?Ýx,nÞÞdFÝx,nÞ + Ý1? FÝD,nÞÞU vvÝEÝD,nÞÞà/U
v
ÝE?Ýx#,nÞÞ > 0
UnderCARA equation( ref: a5 ) becomes:
? ßÝ1+ kÞpYàdx# ? ßpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxàdn= 0.
Wethereforeobtainthatanexogeneousincreaseofthenumberofreservegoodsincreasestheoptimal
levelofthedeductible,  displaystyle dx#dn > 0.
Proof of Proposition 2
WhenthefirmexhibitsCARA, theeffectsofachangeintheproductioncostontheoptimal
deductibleandtheoptimalnumberofreservegoodsaregivenbythetwofollowingequations:
? ßÝ1+ kÞpYàdx# ? ßpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxàdn+ 0dc = 0
0 = ßpU
vv
ÝE?Ýx#,nÞÞßcFÝx#,nÞ + pX
0
x#
FnÝx,nÞdxààdx# + EÝU vÞdc
+ ß?cpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdx+ pX
0
D
U
v
ÝE?Ýx,nÞÞFnnÝx,nÞdxàdn
  #   
andtherefore:
dx#/dc= EÝU vÞßpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxà
ßß?pX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxàßpU
vv
ÝE?Ýx#,nÞÞßcFÝx#,nÞ + pX
0
x#
FnÝx,nÞdxà
+ ßÝ1+ kÞpYàß?cpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdx+ pX
0
D
U
v
ÝE?Ýx,nÞÞFnnÝx,nÞdxàà?1
  #   
dn/dc= ?EÝU vÞßÝ1+ kÞpYà
ßß?pX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxàßpU
vv
ÝE?Ýx#,nÞÞßcFÝx#,nÞ + pX
0
x#
FnÝx,nÞdxà
+ ßÝ1+ kÞpYàß?cpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdx+ pX
0
D
U
v
ÝE?Ýx,nÞÞFnnÝx,nÞdxàà?1
  #   
Seethathedenominatorfthetwoequationsi thesame, thenobservethathesignofthetwo
numeratorsispositiveissufficienttoshowthatdx#/dcanddn/dcareofthesamesign.
If weconsiderachangeintheinsurancecostk :
? ßÝ1+ kÞpYàdx# ? ßpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdxàdn+ EÝU vÞdk= 0
0 = ßpU
vv
ÝE?Ýx#,nÞÞßcFÝx#,nÞ + pX
0
x#
FnÝx,nÞdxààdx# + 0dk
+ ß?cpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdx+ pX
0
D
U
v
ÝE?Ýx,nÞÞFnnÝx,nÞdxàdn
  #   
andthen
dx#/dk= EÝU vÞß?cpX
x#
D
U
vv
ÝE?Ýx,nÞÞFnÝx,nÞdx
+ pX
0
D
U
v
ÝE?Ýx,nÞÞFnnÝx,nÞdxà
ßß?pX
x#
D
U
vv
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  #   
Thedenominatorfequations( ref: a21 ) and( ref: a22 ) isequaltothedenominatorf( ref: a17 )
and( ref: a18 ). Observethathenumeratorf( ref: a21 ) and( ref: a22 ) arepositivendstheproof.
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